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Introduction

The Quest for Earthquake-Resistant Structures

•Motivation: Inspired by the devastation of the 2011 
Japan earthquake, exploring ways to minimize 
structural damage through mathematical models.

•Objective: To model the damping system of a 
building during an earthquake using second-order 
differential equations, focusing on the effects of 
various variables on system dynamics.

•Approach: Employing the Laplace transform to 
simplify the computational complexity of the 
mathematical models, enabling more efficient 
analysis and simulation.



Mathematical Background

Foundations for Earthquake Damping Systems

•Second-Order Differential Equations: Form the 
basis for modeling physical systems, including 
earthquake-induced building oscillations.

•Roots of Auxiliary Equations: Determine the nature 
of the system's response, influencing its stability and 
oscillatory behavior.

•Laplace Transform: Facilitates solving differential 
equations by converting them into algebraic 
equations, simplifying analysis.



Modeling the Damping System

Spring-Damper Analogy

•Spring-Damper System: Analogous to a building's 
structural damping system, combining elastic 
(spring) and damping (damper) elements to model 
seismic response.

•Force Equilibrium: Incorporates restoring force 
(spring), damping force (damper), and external force 
(earthquake) to establish the system's dynamic 
equilibrium.

•System Representation: Mathematically formulated 
as a second-order differential equation, capturing 
the interplay of mass, stiffness, and damping in 
response to seismic excitation.



Types of Seismic waves

● Earthquakes generate seismic waves that transmit energy.
● Seismic waves are categorized based on the medium they traverse 

into body waves and surface waves.
● Body waves travel through Earth's interior, comprising:

● P waves (longitudinal or compressional waves), vibrating 
parallel to the wave's direction.

● S waves (transverse waves), vibrating perpendicular to the 
wave's direction.

● Surface waves propagate along Earth's surface, slower than body 
waves, with more vigorous particle movement.

● Surface waves include:
● Love waves (transverse waves), known for causing significant 

damage, such as building collapses.
● Rayleigh waves.

● In the proposed model, Love waves are considered to provide 
sinusoidal horizontal forces on buildings.



APPROACH TO SOLVE THE 2ND 
ORDER DIFFERENTIAL 
EQUATION









Implications of the Roots of Auxiliary equation(Complementary 
Function) 







Solving 2nd Order Differential  Equation



MODELLING



MODEL SET UP







Solution to the Model







ANALYSIS



Variables



Base solution where all the variables equal to 1







Variation of Mass



It can be seen that when the mass of a building increases, the horizontal displacement decreases. 



Variation of spring constant



It seems that the increase in spring constant does not affect the variation of displacement of a building and period. However, 
when the k value is made to 20π2, the =-0.0159, µ=0, A=0.0159 and B=-0.4102. At this value of k, amplitude of 
oscillation dramatically increases, which can be explained by a physical phenomenon called “resonance” which is the 
increase in amplitude when applied frequency is close to natural frequency(Billah). 



Variation of External Force



Graph showing the displacement of the mass when external force is set as 1 N and 10 N



When the external force on the building due to the earthquake increases, the horizontal displacement also increases 
drastically. This indicates that the magnitude of force largely affects the amplitude of oscillation, which eventually can 
lead to increased chance of collapse of buildings. 



Variation of damping coefficient





As the damping coefficient increases from 1 to 10 N s/m, the amplitude of the oscillation increases. This can also be explained by 
resonance, hinting that at some specific value of c, the system’s natural frequency is approximately equal to the driving frequency 
of 10 Hz, causing the amplitude of the oscillation to increase dramatically.  As the damping coefficient is increased further from 
10 N s/m to 100 N s/m, the amplitude decreases, supporting the idea of resonance.



Solving again through Laplace 
Inverse Transform(matlab)



Reasons for Using the Inverse Laplace Transform

● Simplifies Complex Calculations: The inverse 
Laplace transform makes it easier to solve 
second-order differential equations by converting 
them from the time domain to the s-domain, where 
they become algebraic equations.

● Enables Analytical Solutions: Allows for the 
derivation of exact solutions to differential 
equations, facilitating a deeper understanding of the 
system dynamics.

● Verification Tool: It is used to verify solutions 
obtained manually, ensuring accuracy and 
consistency in the mathematical modeling of 
physical systems.



Finding the Inverse Laplace Transform for a Damped System



Base solution where all the variables equal to 1





Variation of Mass







VS

Solving 2nd order differential equation manually Via inverse laplace transform + matlab



Variation of spring constant







VS

Solving 2nd order differential equation manually Via inverse laplace transform + matlab



Variation of External Force







VS



Variation of damping coefficient







Evaluation and Conclusion



Evaluation & Limitations
1. Emphasis on Initial Conditions: The Inverse Laplace transform solution distinctly highlights the initial shock 

wave, which can be seen in the first graph. This pronounced peak suggests a more sensitive response to 
initial conditions when utilizing the Inverse Laplace method, which could be attributed to the mathematical 
precision and inherent nature of the Laplace domain where initial conditions are explicitly accounted for in 
the solution.

2. Convergence Over Time: As time progresses, the solutions converge, which is apparent when comparing 
the first graph to the second. This indicates that the transient effects, which are initially more pronounced in 
the Inverse Laplace transform solution, diminish over time, leading to a steady-state behavior that is 
consistent with the manual solution.

3. Time-Invariance: The Laplace transform assumes time-invariant systems, where the parameters (mass, 
spring constant, damping coefficient) do not change over time. In actual situations, these properties can 
vary due to external factors such as temperature, wear and tear, or damage.

4. Initial Conditions: The analysis assumes that initial conditions are known and can be exactly defined. In 
reality, measuring initial conditions with absolute precision is challenging, and slight variations can lead to 
significantly different outcomes, particularly when examining the system's transient response.



Conclusion 
The investigation into the dynamic response of a building during seismic events has yielded insights with substantial 

real-world implications. By leveraging the analytical prowess of the Laplace transform and manual solving techniques, 

we've confirmed that while mathematical models are robust for long-term behavior predictions, the nuanced transient 

responses—especially initial shock waves—require sophisticated computational approaches like MATLAB for precision. 

This distinction is particularly critical in engineering where early-time responses can dictate the resilience of a structure 

during an earthquake. Furthermore, the study has underlined the significance of selecting system parameters like spring 

constants and damping coefficients to mitigate the risks associated with resonance—a phenomenon that can amplify 

forces to catastrophic levels. Therefore, this research contributes to the field of seismic design, providing a foundation for 

engineering safer, more reliable structures that can withstand the unpredictability and force of seismic waves, ultimately 

safeguarding human lives and infrastructure.


